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JOIN

MEET

Join Operation Hlustration
Dipole containing round points a and b.
aAb= (awbx - axbw ) €41 +(Clwby - aybw ) €4 +(awbz - (lzbw ) €43
+(a,b. —a.b, ) ey +(a.b, —a.b, ) ey +(ab, —a,b, ) e, \
+(axb,, —aubx)els +(aybu —auby)eZS aAb
+ (azbu - aubz ) €35 + (awbu _aubw ) €45

Line containing flat point p and round point a.

pAa=(p.a,—p.a,)eqs+(p.a, —p,a.)exs
+ (pyaw —Pway ) €425 +(pxaz —p:ay ) €315

+ (pzaw _pwaz)e435 +(pyax _pxay)eIZS

Circle containing dipole d and round point a.

dAaa=(d,a,
+(dna,
+(dpa, —dpa, +d,a,

—d.a, +da,)en +(da, —da. +d,a,) ess

—dya, +d,.ay ) ey —(dmas +dyya, +dy.a.) e
Yeas +(dppa, —dpa. +d,a, ) exss

+(dppay —dpea, +dya, ) esns +(dpa. —dpa, +dya, ) ess
)

+(dpzaw dpwaz +dvzau €435 +(dpyax _dpxay +dmzau )e125

Plane containing line / and round point a.

Ina= (lvzay _lvyaz _lmxaw ) €4235 +(lvxaz _lvzax _lmyaw ) €4315

+(lvyax _lvxay _lmzaw ) €4125 +(lmxax +lmyay +lmzaz ) €3215

Plane containing dipole d and flat point p.

dAp ( vypz - vzpy +dmxpw)e4235
( vzPx — vxpz +dmypw)e4315
( vxp) vypx +dmzpw)e4125
-(d

mx Px + dmyp) +dmzpz ) €3215

Sphere containing circle ¢ and round point a.

CAA=—(Coully +Coyy + ooy +Cgly ) €123
+ (cvzay —Cya; + Cox@y —CpxQy ) €4235
+ (Cvxaz —Cyz Ay +cgyau —CmyQyy )e4315
+( Oy —Cnly +Cely —Cplyy ) €a12s
+(

CoxQy t+ CmyQy tCm-a; + Cowly ) €3215

Sphere containing dipoles d and f.

AAT == (dofrmx +dvy Sy + oz frnz + Ao frx + iy frp + Az [z ) €123
+(dyy [z = Aoz [y +d e fry =y frz + Ao [ + A o ) €4235
+(dvzf}7x ~dy fp: +dp fr: —dpe fox Ty fow +d p finy ) €4315
+(dvxfpy —dyPpx +d py fox = pu fry + oz frow + A s finz ) €4125
—(dmfpx [y + Az foz +dpy frne +dpy frny +d e )e3215

EXPANSION

Flat Point p

(Bivector)

oD

©

Flat Line /

(Trivector)

1D

Flat Plane g

(Quadrivector)

2D

P = DPx€15s + py€rs + p.€35s + Py €ys

I=1,e4s+1, €45+, €45

+ Ly €235 + Ly €315 + [y €105

Ll + Lyply + 1,20, =0

g =gx€435 t §)€4315 T £-€4125 + £€3215

Expansion Operation

Illustration

Expansion Operation

Illustration

ans™ = (a.s, +a,s;)eq +(a,s. —a.s, )ex
+(ays, +ays,)en +(a.s, —a.s.)es
+(a.s, +a,s.)en+(aws, —a,s,)en
—(ays, +aus;)eis —(ays, +a,s, )es

- (azsw +a,s; ) €35 +(ausu —aySy ) €45

Dipole containing round point a and orthogonal to sphere s.

@),/
/.

Sphere containing circle ¢ and orthogonal to sphere s.

(CqwSu —CoxSy —CgySy —Cg2S2 ) €1234
(CvaSy = CopSz + ConeSu — CqxSi ) €4235
(CoxSz = CraSx + CoySu — CgySy ) €4315
(cvysx —CxSy +CpzSy — CgzSw ) €4125
(

CoxSx + Cmysy +CmzSz — cgwsw ) €3215

*
ang =a,g.en+(a,g.—a.g,)exn
+a,8yen+(a.g,—a.g.)es
+a,g.en+(a.g,—a,g.)en

- (axgw +augx ) €15 _(aygw + a8y ) €5

Dipole containing round point a and orthogonal to plane g.

Sphere containing circle ¢ and orthogonal to plane g.

*
CAg = _(nggx +Cq 8y +nggz)e1234
+(Cvzgy _cvygz _nggw)e4235
+(cvxgz —Cz8x _cgygw)e4315

+ (vagx —Cn8y ~Cgz 8w €4125

Dual P*:Pwem — Px€235 — Py €315 — P- €125 Dual l*:lver?: +1,e3 + e+ 5 + 1, €5 +1,. €35 Dual g*:_gxel —8gy€r—g:€3+g,€;s
Attitude att(p)=pVess = p,es Attitude att(I)=1Vess =1, e5;5+1,€5+[,e;s Attitude att(g)=gVes s =g €xns+g, €35+ g, €5
Flat Bulk Pm = psi€15+ Py€2s + p.€3s Flat Bulk Ia = lmxez35 +lmye315 “rlmz €125 (moment) Flat Bulk Zm — w3215 (pOSitiOl’l)
Flat Weight | po = p..e4s Flat Weight | Ig =1.e45 +1, €45 +1,. €435 (direction) Flat Weight | go=g.esn3s + g €415 +g.€4125 (normal)
Position Iplla Position 1]a Position lgla
Norm Ip ]l Norm 1]l A gl
Round Point a >0 Sphere s
a=p,e+p,€+p€3+€y P S = Dx€4235 + Py€4315 + P-€4125 — €234
(Vector) > > (Quadrivector) ) >
4 p +r p = position _p - p = center
— €5 — €315
2 <0 r =radius 2 r = radius
Attitude Attitude

a=a,€e + a,€; +a,es+a,€s+a,€;

att (a) =aVvess

S =5,€1234 T 5,€4235 +5,€4315 + 5,€4125 T 5,€3215

att(s)=sVe3215

( vygz_ vzgy)e423+(dvzgx_dvxgz)e431
+(dngy -
( vxgw+dpug\f)e415 +(dngy

d g ) €412 _(dmxgx tduygy +dn-g: ) €321
~dp8: —dygw ) €235
- (dvygw +d,g, ) €425 +(dpxgz ~dp. 8 —duy gy ) €315
—(dvgu+dpg:)ews +(dp g —d gy —dngw) ens

+ (lvygx - lvxgy ) €4125 + (lmxgx + lmyg,v + lngz ) €3215

Cang”
_(azgw +augz)e35 —a,8w€ss ' +(megx+cmygy+cngz_nggw)eSZIS
®
Circle containing dipole d and orthogonal to sphere s. Plane containing line / and orthogonal to sphere s.
dA sﬁ = (dvysz - dvzsy - dmxsu ) €43 + (dvzsx - dv.rsz - dmySu ) €431 In S* = (lVZSy - lvysz + ZmXS,,, ) €a235 + (IVXSZ - IVZSX + l’”ysu ) €4315
+(dwrsy _dvysx _dmzsu)e4]2 _(dmxsx +dmysy +dmzsz)e321 +(lvvsx _lvxsy +lszu )94125 +(lmxsx +Zmysy +lszz)e32|5 l/\Sﬁ
3 )
( vxsw+dpwsx +dprsu)e415 +(dpzsy _dpysz _dmxsw)e235 d/\s \
(d\/} Sy + dpws + dpysu ) €425 + (dpxsz - dpsz - dmysw ) €315
(dvzsw + dpws + dpzs ) €435 + (dpysx - dpxsy - dmzsw ) €125
Plane containing line / and orthogonal to plane g. Ing
Circle containing dipole d and orthogonal to plane g.
& dp & p & l/\gﬁz(lvzgy _lvygz)e4235 +(lvxgz _lvzgx)e4315
‘z:r d

pAS =-— (PwSx + DxSu ) €a1s +( P25, — Pys: ) €35
_(pwsy +pysu )e425 +(psz —P:zSx ) €315
_(prz a2z )e435 +(pysx — PxSy ) €125

Line containing flat point p and orthogonal to sphere s.

Circle containing round point a and orthogonal to circle c.

anc’= (ayCer —:Cq — AyCry ) €423 + (0o — AxCor — A4Cy ) €431
+ (axcgv —ayCox —AyCy; ) €412 + (axcvx + a,cCyy, +ac, ) €321
- (axcgw +ayCmy + auch ) €415 + (azcmy - aycmz — A Cyy ) €235
—(ayCqw + ayCy + A, Cqp ) €25 +(AxCrz — A2 Cpe — A,y ) €315

- (azcgw +aywCpz + aucgz )e435 + (aycmx - axcmy —a,Cy; ) €125

p/\g*= — Pw8x€a1s +(ngy —pygz)e235
— Pw8y €425 +(ngz _ngx)e315
— Pw8:€43;5 +(pygx —pxgy)em

Line containing flat point p and orthogonal to plane g.

Meet Operation

Illustration

Meet Operation

Illustration

Circle where spheres s and t intersect.

SVt = (Suty =it ) €423 +(Suty — Syt ) €431

+ (Sutz =Sl )e412 +(Sutw = Syly ) €321

Dipole where sphere s and line / intersect.

svil= sulvxe41 +Sulvye42 +sulvz €43

+ Sulmxe23 +Sulmye31 +Sulmz €2

+(Szty—SytZ)e415 +(Sth—SZ[X)e425 +(Sytx—Sxty)e435 . +(Szlmy_sylmz +Swlvx)el5 +(lemz—Szlmx+Swlvy)ez5
+ (Sxtw —Sylx ) €235 +(Sytw _Swty ) €315 +(sztw =Syl ) €125 + (sylmx _lemy +Swlvz ) €35 _(sxlvx +Sylvy +Szlvz ) €45
Circle where sphere s and plane g intersect. g Flat point where plane g and line / intersect.
g l
svgzsugxe423+sugye43l+Sugze412+sugwe321 ng:(gzlmy_gylmz+gwlvx)e15+(gxlmz_gzlmx+gwlvy)e25 ©
Iveg
+(Szgy 8,8 ) €415 +(ngz —S8:8x ) €425 +(Sygx _ngy ) €435 + (gylmx _gxlmy +gwlvz )e35 _(gxlvx + gylvy +gzlvz ) €45
sV
+ (58w —Swgx ) €235 +( 5,80 =50 gy ) €315 + (528w — 5182 ) €12 .
Round point contained by circles ¢ and o.
Line where planes g and h intersect. cVo = (cgzom} —CgyOmz + CyOgz: — Cpz0gy + CixO gy + CenyOyy ) €1 Vo
+(c + Cpz0gx — CpuxOgz + CpyOgyy + CyOyy ) €2
th :(gzhy —gyhz)e415 +(gxhw—gwhx)e235 5’ E g:Omz 2z0mx mz mx ow vy))
+ (CoyOmr — CaxOmy + CxOay — CoiyOgx + Crz201 + CnyOy ) €3
+ (gxhz —gzhx ) €425 +(gth _gwhy ) €315 N th ( mx gxUmy mxYgy my*™ gx vz¥ gw gw )vz
CoxOvx F CayOyy +Cz0y +Cip0gr +Ciy0gy +C20,. ) €4
+ (gyhx _gxhy ) €435 +(gzhw _gwhz ) €125 g S e e wre e
( CmxOvx +cmyovy +szovz +cv'c0m'c +cvy0mv +Cvzomz ) €s
Dipole where sphere s and circle ¢ intersect. ) ) ) )
Round point centered on line / and contained by circle c. 1 vi
c

SVE=(5,Cq —5.Cqp +5,Crn ) €41 +(83Cqr = SxCar + SuCmx ) €23
+(82Cqx = 8xCqr +5,Cry ) €42 +(S0Cap — Sy Cr + SuCrmy ) €31
+(82Cgp —8yCor +54Cr ) €43 +(S10Cqr — S2Cgn + SuCz ) €12
+ (82Cmy —S)Cz +50Cox ) €15 +(S5Cpnz — S2C +8,,Cyy ) €25
+(

Sycmx - chmy +84Cyz ) €35 _(chvx + Sycvy +8:Cy; ) €45

eVI=(celyy —Colp: +Cailix ) €1 +(Colmz = Colm +Caulyy ) €2
+(Colme = Calmy +Caulyz ) €3 = (Calix +Cpliy + o2l ) €4

- (melvx + cmylvy + szlvz + Cvxlmx + valmy + Cvzlmz ) €5

Dipole where plane g and circle ¢ intersect.

gV e =(g,Co —g:Cqy ) €41 +(uCor — CxCow ) €23
+(8:Cq = 81Cyz ) €ar +(8uCqy — &yCan ) €31
+(gxCoy — €yCar ) a3 +(uCe: — 8:Can ) €12
+(&:Cmy = &yCimz + &uCox ) €15 +(ZxComz = Z2Cmx + uCyy ) €25
+(g

yCmx — &xCrmy + ZwCyz ) €35 _(gxcvx + 8yCwy +8:Cy; ) €45

Round point contained by sphere s and dipole d.

sV = (5,dy, —5:dyy —S,dy +5,d ) €

+ = Sy — Sdyy +8,d ) €2
Sy = Sudyy +5,d . ) €3
Syl +8ydyy +5.d,, +5,d ) €4

(s-d
+ (s =
+(
(s

Syl gy +8,d py +5.d ), +5,d ) €5

Round point centered at flat point p and contained by sphere s.

SVp=s,px€ t85,p,€,+S,p-€3+5,pDy€4

—(Sxpx+8,Dy +S.p: + 5wy ) €5

Round point centered in plane g and contained by dipole d.

gvd = (gydmz ~ 8-y — gudy ) €
+ (el — gl — gudl,y ) €2
+(gxdmy —gydm — gud,: ) €3
+ (g« dvx +gyd,y +g.d,. ) ey
—(8xdpx +8ydpy +8:d - + gudd ) €5

Circle containing round point a and orthogonal to line /.

an li} = awlvx €403 — awlvy €431 — awlvz €412

+ (axlvx + aylvy + azlvz ) €371

- awlmx €415 + (azlmy - aylmz - aulvx ) €235
- awlmy €45 + ( axlmz - azlmx - aulvy ) €315

- awlmz €435 + (aylmx - axlmy - aulvz ) €125

Plane containing flat point p and orthogonal to circle c.

= (pycgz ~ P:zCgp — PwCx ) €4235
(pzch T PxCe _pwcvy)e4315
(pxcgy ~ PyCex = PwCyz ) €4125
(

PxCux t pycvy + P:Cy; ) €3215

Carrier Point Infinity Carrier Space Flat Plane =5,€3] +5,€35
=a,l
(whena, =a, =a, =a, =0) (whens, =0) + 5, €305 +5- €5
cen(a)=ccr(a)va S cen(s)=ccr(s)Vvs
Center 5 (identity) Center 5 s 4 o
=a.a,e +a,a,e; +a.a,e;+a,e,s +a,a,es = —8,5,€] —S5,85,€ —5,5,83+5, €, + (sx +8y 87 =88, ) s
_ con(a)=aAcar(a)” . con(s)=sAcar(s)” L
Container ) s . Container ) (identity)
=—a,€1n34 +a,a, €35 +a,a,€4315 +a.a,,€4125 + (awau —ay—a,—da; )03215 =54 €1234 T 8:5,€4235 +.5,5,€4315 +5,5,€4125 + 55, €3215
Dual a*=—awe1234 tay€4235 +0a,€4315 T A €125 — Ay €3215 Dual s*=—sxe1 —Sy€; —S5:€3+5,€4 +5,€5
Carrier car(a)=aAes =a,e;s+a,e +0a,e35+a,ess (flat point) Carrier car(s)=sAes=s,1 (volume)
Cocarrier cer(a)= a“Aes=a,l (volume) Cocarrier cer(s)= s“Aes=s.€5+ §,€55 +5.€35 — S, €45 (flat point)
Round Bulk e =a,e€ +a,e, +a.e; Tt ||a|| Round Bulk Se =0 Tt
o _
Round Weight | ao =a,e,4 Norm allo Round Weight | so =s, €234 Norm
Flat Bulk Am = 4,65 Radius | |af, Flat Bulk Sm = Swesis Radius | |s], \/sf +55+ 52— 28,8,
Flat Weight | a5 =0 Norm | |a||, Flat Weight | Sg = 5,€5+5,€4315 +5:€405 | NOMM | ig| sy
Dipole d
‘,. d:nxe41 +nye42 +1n,€43 +(pynz _pzny)e23 +(pznx_pxnz)e3l +(pxny _pynx)eIZ pz(px,py,pz)zcenter
(Bivector) Re ) ) L
o + 7 n =(n,,n,,n. )= direction
1 D P +(p-n)(preis+ pyers + p-ess +ess) - (n.eis+n,es +n.es5) - radius
Cocarrier Normal Cocarrier Position Cocarrier Container dyd,, —d,.d,, —d,d,, =
dpzdvx _dpxdvz - dpwdmy =
d= dvxe41 + dvye42 + dvze43 + dmxe23 + dmye31 + dmze12 + dpxe15 + dpyeZS + dpze35 + dpwe45 dpxdvy —dpydvx —dpwdmz =

Carrier Line

(then a]v: = d\,\‘ = dw': = dm.\ = d/m =

Flat Point

d,.=0)

d ey +dpydyy, +d.d,. =
dyd e +d,ydyy +d,.d,. =0

Plane containing flat point p and orthogonal to line /.

e
PAL" == pyl, i35 — pulyyessis — puliz €415

+ (pxlvx + pylvy + pzlvz ) €3215

Sphere containing dipole d and orthogonal to circle c.

AACH=(d ey +dyyCy +diCr +dpCor +dyCop +dzCo ) €123
+(dvzCmy —dyyCoz = d ppiCox +d pyCor —d prCoy + deCory ) €423
+(duxCm —dyoCope —d iy +d poCor —d piCoz + d oy ) €315
+(dyyCmx = doiCony —d pCre +d oy —d pyCox + daCary ) €a125

+(d e +d pyCry +d prCoz + Ao Cone + Ay Cry + dizCriz ) €3215

Sphere containing dipole d and orthogonal to line /.

AN = (dyly +dyly, +d,2l ) ey
+ (dvzlmy =yl —d plix ) €4235
+(dylyz =yl —dpl,y ) €431
+ (d L = Ayeliy — d ol ) €4125
+(dpulyx +d by +d ol + dpel + dyly + doelz ) €3015

Sphere containing round point a and orthogonal to dipole d.

and”=(a,d,+a,d, +a.d, —a.d,,)en
+(a.dyy —a,d,, +a a’Ich a, W)e4235

+(a dy. —a.d,. +a,d, —a,d, )ess
+(aydyw —acdyy +a,d,. —a, Z)e4125

)

+(a,d, —ad,—a,d,, —a.d,. )ens

Center cen (d)=cer (d)Vd=(dydy: —didyy +dud ) € +(dyedyy —ddy: +doyd ) € +(dydyy —dydy, +d od ) €3 +(di +diy +dl ) es+(d gy —doud e —dyyd ,, —d od ) es
Dual d*= —d, €43 _dvy €431 —d,- €412 +dpwe321 —d iy €415 _dmye425 —d €435 _dpxe235 _dpye315 _dpze125 con (d) :d/\car(d)* _ (dz 142 142 )e1234
vx vy vz
Carrier car(d)=dAes =d, e4s+d, epns +d, €45 +d, €235 +d 315+, €05 (flat line) | & (o —doyds —doed ) €4235
_E vz¥m mz VX w
Cocarrier cer(d)= d*/\es =d €435 +d, €315 +d\ €425 —d €315 (flat plane) g (dvxdmz dy.dy —d,dp, ) €15
5}
Round Bulk de :dmxe23 +dmye31 +dmze12 Attitud att(d):d\/e3215 © ( _dvxdmy_dvzdpw)e4125
ttituae
Round Welght do = dvxe41 +dvye42 +dvze43 = dvxel +dvye2 +dvze3 +dpwe5 (dr%m +d2 +d2 +d d +d d +d d )e3215
Flat Bulk deg =d,e5+d, e +d,. e 2 2 2 2 2 g2 42 42
P py P Center Norm Id]s _ d +2dmy +2dmz —|2-de Radius Norm ||, _ dpy =y —d oy dm; 2(2d,,xd;x +dyd,, +d,d,,)
Flat Welght dI:I = dpwe45 ”d”o dvx + dvy + dvz ”d”o dvx + dvy + dvz
Circle ¢
C=n,€43 +1,€431 +1N,€412 + (pynz —p:ny ) €415t (pznx — Dxl; ) €45 t (pxny — PNy ) €435  p=(p. p,,p-)=center
(Trivector) 2 2
— n =(n,,n,,n. ) = normal
ZD +(p-n)(prers+ pyesis+ p.eips —e3 ) — (1, €235 + 1,305 +n.€25) - — radius
Cocarrier Direction Cocarrier Moment Carrier Container CayCrmz = CgzCmy — CanCrx =0
\ CgzCmx = CgxCmz — CguCyy =0
C=Cqr€423 +Cgy €431 +Cgz €412 +C1y €321 + Cix €415 + €y €425 + €1, €435 + Cppi €235 + Cyy €315 + Ciz €125 CorComy = CoyConx — CanCrz = 0

CoxCox F CyyCry +C2Crpz =0

Sphere containing round point a and centered at flat point p.

*
AANP =—a,Pywe3s T ayPr€ass T Ay PyCa3is T Ay P Car2s

+ (aupw —axpPx —aypy —a;p: ) €3215

Carrier Plane Flat Line )
(whcn Copr =Cgqp =Cq; =Cgqyy = 0) COC&I’I’ICI' chcvx + cgycvy + ngcvz = 0
Center cen(c)=cer(€)Ve=(CgC: —CeCry = CorCon ) €1 +(CozCrr = CoxCrz = ConCan ) €2 +(CaxCiy = CayCix = CozCony ) €3+ (Cox + oy +Co ) €4 +( Co + Coy + Cre + CanCone + CgyCony + CzConz ) €
- —\Cgbz gzCvy axCaw 1 gzCwx axCyz gyt aw 2 axCvy avbwx gzbgw 3 gx oy gz 4 X vy vz axCmx gt my gzbmz 5
Dual X = €4 +Cop€ur +Cor €43 + Coi €23 + Cuy €31 + Cs €19 + Copy €15 + oy €25 + Crs €35 — C oy € * 2 2 2
ax €41 gy €42 gz €43 w €23 vy €31 vz €12 mx ©15 my €25 mz €35 aw €45 con (C) —cAcar (C) - _ (ch +ch i ) €
Carrier car(€)=CAes =Cu €035 + Coy€4315 + Cor €4125 + Cppp € flat plane .
( ) 5 = Cgy€4235 T Cgy€4315 T Cg, €4125 + Coy€3215 (flat p ) 5 +(ngcvz —Cg:Cyy _chcgw)e4235
. e . =
Cocarrier CCr (€) =€ A€s = —Cgr €415 — Cgy€an5 — Cg: €435 — Cix €235 — Cyy €315 — €1 €125 (flat line) § +(CgCix —CoxCrz —CyCany ) €4315
S,
Round Bulk Co = Cgy€321 : att (€) =CVesns =Cgr€n3 +Cyy €31 +Cg- €12 O +(CaxCiy = CgCix = CaCoy ) €a25
Attitude 2
Round Welght Co =Cgr€423 +ng €431 +nge412 tCui€is +vae25 +Cyz €35 ( CaxCrmx + CayCmy +CgZCmZ Cew ) €3215
Flat Bulk Ca = Cpy €235 + Cpy €315 + Cppz € 2 2 2 2 2,2 2 _ 2
y €315 T Cmz €125 c Cow +Coe +Cop +C . ¢ Cie +Coy +Crr —Conp + 2 ( CoxCouxe + CopCiny + Co2C
Center Norm ” ”o = ng kel > v : vz Radius Norm ” ”o I e ng (zgx m’; gytmy T gz mZ)
Flat Weight CO = Cux€415 + Cyy €405 + Cyz €435 lello Con +Ciy +Ci lelo Con +Cay +Co
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SANNOdA



